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Abstract 
Gibbs, R.A. and P.J. Slater, Distinct distance sets in a graph, Discrete Mathematics 93 (1991) 
155-165. 
The problem of labelling the complete graph K,, as near to graceful as possible is equivalent to 
the ‘Golomb ruler problem’ of finding as short a ruler as possible with n integer marks such 
that the distances between pairs of marks are all distinct. We generalize this to an association 
between labellings of K,, with m-tuples and ‘distinct distance sets’ in m-dimensional grids. More 
generally, we define distinct distance sets for any graph G and investigate the parameter 
DD(G) which is the maximum size of a distinct distance set in G. 
1. Introduction 
Although a few earlier articles discuss ‘difference bases’ the seminal point for 
much of the extensive work on labellings and numberings of graphs is the 1963 
conjecture of Ringel[6] that if T is any tree with n edges then the complete graph 
K 2n+l can be decomposed into 2n -t- 1 subgraphs isomnrphic to T. Later Kotzig 
introduced a strengthened form of this conjecture, as noted in [7) by Rosa whc 
was the first to study various ways of numbering the vertices of T. In 1968 
Golomb [4] helped to popularize this question, and he introduced the more 
general problem of determining which of all graphs are ‘graceful’. (If tree T with 
n edges is graceful, then K2n +, can be decomposed into 2n + 1 copies of T.) A 
detailed history of these questions and related results appears in Bloom [2]. An 
excellent discussion of a wide variety of applications of numbered graphs is 
presented by Bloom and Golomb [3], and another survey of the theory of 
graceful graphs and some related problems is presented by Bermond [I]. 
We particularly note that Ringel’s problem per se does not involve numberings 
or labellings of a graph. 
A graceful numbering for a graph with n vertices and e edges is a one-to-one 
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Fig. 1. Golomb rulers for k = 3, 4, 5. 
assignment of a subset of the numbers 0, 1,2, . . . , e to the n vertices in such a 
way that the edges receive all the numbers from 1 to e, where the number of an 
edge is computed to be the absolute value of the difference between the vertex 
numbers at its endpoints. A graph that has a graceful numbering is called a 
graceful graph. It is easy to demonstrate that complete graph & is graceful if and 
only if n s 4. Fig. 1 presents graceful numberings of K3 and K4, and, while it is 
not possible to gracefully label KS, we can come close. As illustrated one can 
select distinct elements from { 0, 1,2, . . . , 10, 11 = e + 1) for the five vertex labels 
and achieve ten distinct edge labels. 
Attempting to label K,, as near to graceful as possible and concentrating just on 
the vertex labels leads to the definition of a Golomb ruler. A Golomb ruler (of 
order k) is a shortest possible ruler with k marks such that each of the (I) 
distances between marks is a distinct integer. For example, marks at points in 
(0,2,3,10,16,21,25} or at points in (0, 1, 11,16,19,23,25} produce (z) = 21 
distinct differences and Golomb rulers of order 7. With explanation for the use of 
the unusual notation coming later, the length of the Golomb rulers of order k is 
here denoted by B,(K,). Table 1 lists the known values of B,(K,) (reported in [5] 
for k G 13 and reported by James B. Shearer in letters to S.W. Golomb for 
14<&16). 
We view the selection of k marks from (0, 1, . . . , n} as the choosing of k 
vertices from the path P,+1 on n + 1 vertices, as illustrated by the darkened 
vertices in Fig. 1. This naturally leads to the definitions we give in the next section 
for ‘distinct distance’ sets in arbitrary graphs G and the parameter DD(G). Like 
Ringel’s original problem, our distinct distance problem does not involve 
numberings or labellings of a graph. However, we generalize the Golomb ruler 
Table 1 
B,(&) for 3 s k 6 16 
k 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
B&f&) 3 6 11 17 25 34 44 55 72 85 106 127 151 177 
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Fig. 2. The cmstruction of H. 
and the (h - 1) new edges joining q and vi, 1, q, 1 and q2, . . . , vi+2 and v~,~_~. 
(This procedure appends a path of length h - 1 to each vertex of G.) Add one 
more vertex v and the IV(G)1 edges joining v to each of the vertices IJj,h-l. (This 
joins the ‘endpoints’ of all these new paths to v.) Call the resulting graph If. 
Given Vi, vj E V(G), the path of length m in H : Vi, Vi,l, . . . , Vi,h-l, V, 
Vj,h-1, Vj,h-2, . l * Y vj,l9 J v- shows that dH(Vi, vi) sm. Furthermore, by nature of 
the construction of H, any path in H from vi to vi either lies entirely in G or else 
contains v and thus has length at least m. Thus, 
dH(Vj, Vj) = Illitl(&(Vj, Vj), m). 
Note that since m s dm(G), this cons& truction assures that there will be some pair 
of vertices v(, vi E V(G) for which &(v], vi) = m. Therefore, since for each 
vertex u E V(H) - V(G) it is readily seen that the eccentricity e(u) s 2h - 1~ m, 
we have dm(H) = m, and the proof is complete in this case. 
Case II: m = 2h - 1 ik odd with h 2 2. 
The construction of H is similar to that in Case I. To each vi E V(G) with 
eccentricity e(vi) > m, let there correspond a new vertex Wi. Join Wi to Vi by a 
path of length h - 1 and join Wi to all other vertices in G by a path of length h. 
(‘Bis wll! lnsnre that9 in H, any two vertices in G are joined by a path of length 
no more than h + (h - 1) = m). To guarantee that e(v) s m for each v E V(H) - 
V(G) (and hence guarantee that dm(H) = m), the construction of H is completed 
by connecting each pair of vertices Wi and wj by an edge. 
eore . For any positive integer k there exists a graph Gk with DD(Gk) = k 
and dm( Gk) = (‘;). 
We need only consider the case k > 4 since for k Q 4 the Golomb Ruler 
es the graph Gk. For k > 4 we construct a graph G; inductively as fol\ows. 
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Fig. 3. Graph G& 
Begin with the graph GA in Fig. 3. A DD set of size DD(Gi) = 4 has been 
indicated. 
Form Gi by adding a vertex ZJ~ and connecting it to vertgces ul, ran, u3, and ZQ 
by paths of length 7,8,9, and 10 respectively. In general, GI,, is formed from Gi 
by adding a vertex r~~+~ andconnecting it to Q, v2, . . . , and vi by paths of length 
(ij + 1, (i) + 2, . . . , and (“‘2 ’j respectively. Consider vertices vi and vj with 
1 <j < i 6 k in G& By the construction of CL, if i 2 5 then the path between vi 
and vi which contains no other member of { vl, . . . ,vk} has length f(i, j) = 
(i) - (i - j) + 1. We claim that d(vi, vi) =f(i, j). This is obvious if i 6 4. For i > 5 
note that for any path between vi and vj that contains some other member, v,, of 
the set (vl, . . . , v,} it is easily seen that 
f(t, i)+f(t,j)>f(i,j) if t>i>j, 
f(i, t)+f(t,j)>f(i, j) if i>t>j, 
f(i, t)+f(j, t)>f(i, j) if i>j>t. 
Because the set of distances d(Vi, Vi) is the set { 1,2, . . . , (‘;)I, the set 
( Vl, . l l 9 v,} is a DD set for CL. We now apply Lemma 1 with m = (5) and 
imbed G; in the graph Gk. It is easy to verify that {vl, . . . , vk} is a DD set for 
Gk. Hence, DD(Gk) 3 k. Since dm(Gk) = (i) a (DD$Gk)), we have k 2 DD(G,). 
Thus DD(Gk) = k and dm(Gk) = (5). Cl 
Consider next the class of bipartite graphs and the problem of finding, for a 
given k, bipartite graphs G of smallest diameter for which DDjG) = k. Is it 
possible to find, as in Theorem 1, a bipartite graph G with DD(G) = k and 
dm(G) = (:j? Theorem 2, which generalizes a result 6 8 Taylor [8], shows that the 
answer is no if neither k nor k - 2 is a perfect square. 
eorem 2. Let G be a bipartite graph with DD(G) = k. If dm(G) = (‘; j then 
either k or k - 2 is a perfect square. 
roof. Let V(G) be partitioned into subsets V, and V2 with all edges in E(G) 
Joining vertices in VI to vertices in V2. Observe that the distance between two 
vertices is even or odd according as belong to the same or different subsets. 
Suppose that A of the k vertices in a set S are in V, and that B = k - A are in 
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I$. Then there are ($) + (f) even distances and AB odd distances determined by 
the set S. If dm(G) = ($) = ( A g B), then the distances determined are 1,2, . . . , 
( AzBb / and thus 
(t)+(t)= [i(Ai”)] and AB= [i(A+)1. 
A little algebra shows that this is possible only if A + B or A + B - 2 is a perfect 
square. 
(In such cases, 
{A, B} = {q} or {A,B}=[ 
kfdm 
2 } 
respectively.) The result follows. 0 
Note that Theorem 2 implies that not only is there no Golomb Ruler of 
diameter ten for k = 5, but also that no bipartite graph G of diameter ten can 
have DD(G) = 5. We define LB(k) to be the smallest value E for which there are 
positive integers A and B with 
2 
Observe that LB(k) 2 (g) and that the parity argument in the proof of Theorem 
also proves the following corollary. 
Corollary 2. If G is a bipartite graph with DD(G) = k, then dm(G) 2 LB(k). 
That is, LB(k) is the lower bound on the diameter of a bipartite graph G with 
DD(G) = k. Table 2 lists LB(k) for 3 s k =S 16 along with the corresponding 
values of A and B. Note that, if k or k - 2 is a perfect square then LB(k) = (1). 
Since trees are bipartite, we next consider minimizing the diameter of arbitrary 
trees T with DD(T) = k. Note that in Table 2 LB(k) = B&) for k s 5. Given 
k > 6 are there trees 2’ for which DD( T) = k and dm( T) c B,(&)? For k = 6, the 
answer is yes. Fig. 4 shows a tree T and its DD set, with DD(T) = 6 and 
dm(T) = LB(6) = 15 C B&) = 17. We conjecture that for k > 7 there also exist 
Table 2 
LB(k) for 3 s k s 16 
k 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
LB(k) 3 6 11 15 22 29 36 47 55 68 79 92 107 120 
A, B 1,2 1,3 2,3 2,4 2,s 3,5 3,6 4,6 4,7 4,8 5,8 5,9 6,9 6, 10 
B,(&) 3 6 11 1’7 25 34 44 55 72 85 106 127 151 177 
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Fig. 4. A tree T with dm( 7’) = 15 and DD(T) = 6. 
trees T with DD(T) = k and dm(T) < B&). In fact, dm(T) = LB(k) should be 
achievable. 
To date we have only briefly studied the problems of minimizing order and/or 
size. Note that the size IE(G)) of the edge set of a connected graph G must satisfy 
dm(G) 4 IE(G)j. H ence, if DD(G) = k, we have from Corollary 2 that LB(k) s 
jE( G)I. The size of the Golomb Ruler corresponding to k is B&). Given 
k 26, are there trees T with DD(T) = k for which (E(T)1 <B&)? (Again, 
from Table 2 we see that, for k s 5, the Golomb Rulers are trees of minimum 
possible size.) We have been able to show that the answer is no for k = 6. For 
k = 7, if there is a tree of size less than 25, we have been able to show that it 
cannot have size 22 = LB(7). We expect that none exist of size 23 or 24 either. 
We conjecture, however, that for k 2 8 there is a tree T with DD(T) = k and with 
the size of T less than B,(K,). 
3. M-fold numberings of a graph 
Another class of graphs we wish to investigate is the set of m-dimensional grid 
graph, G,. The vertices of a G, are lattice points in Em which have nonnegative 
coordinates (al, . . . , am) with 0 s ai - < Mi. TWO vertices u and v with coordinates 
( al,. . . p a,)and&,..., 6m), respectively, are joined by an edge if and only if 
CEi jai - bij = 1. (Note that the diameter of a G, is CE1 Mis) A grid-graph G, is 
bipartite. The distance between vertices u and v is CEl lai - bil. Hence, we may 
partition the vertices into two sets according as their distance from a specified 
vertex u is even or odd. For a given k, what is the minimum m, if any, for which 
there is a G, with DD(G,) = k and dm(G,) = LB(k)? If m = 1 observe that we 
are seeking Golomb Rulers (with &(J&) = LB(k)). As noted above, this has only 
been true for k ~5. Fig. 5 shows a G2 for which DD(G,) = 6 and dm(G,) = 
LB(6) = (g) = 15. We conjecture that for k ~7, there are G, for which 
DDQG,) = k and dm(G,) = LB(k). 
We have noted that finding the length B,(&) of a Golomb ruler of order k is 
equivalent o numbering Kk as gracefully as possible. Because Golomb rulers are 
l-dimensional grid graphs, it is not surprising that finding a DD set in an 
m-dimensional grid graph is equivalent to finding a generalized ‘numbering” of 
&. We begin with the definition for an arbitrary graph. 
Letting Z denote the set of nonnegative integers, we define an m-ford labelling 
of a graph G to be a one-to-one function f: V(G)+ P; that is, an assignment of 
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Fig. 5. A 2-dimensional grid-graph G with dm(G) = 15 and DD(G) = 6. 
distinct ordered m-tuples of nonnegative integers to the vertices of G. If vertices 
u and v are labelled (ai, a2, . . . , a,,,) and (b,, b2, . . . , b,) and are joined by 
edge e, then we assign to e the number f(e) = CEi lai - bi(. Let V(G) = 
( VI, 
&(WraX 
I+,} and f(Vi) = (nil, . . . , ni,,,) for 1 d i 6~. Define M(f) = 
Isi<pnd). In Fig. 6 graph (a) has M(f) = 6 and graph (b) has 
M(f) = 10. 
If f is an m-fold labelhng of G and all of the /E(G)1 edge labels are distinct then 
f is an m-fold numbering. Letting B,(G) be the minimum value of M(f) over all 
m-fold numberings f, an m-fold numbering is optimal if M(f) = B,(G). (The 
function for graph (a) of Fig. 6 is not a numbering, whereas the function for 
graph (b) is a numbering, but not optimal.) If M(f) = B,(G) = IE(G)l, f is an 
m-fold graceful numbering; and if G has such a numbering, G will be said to be 
an m-fold graceful graph. Thus l-fold graceful graphs correspond to the graceful 
graphs. 
Consider an optimal m-fold numbering of the complete graph K,. As 
previously discussed, an optimal l-fold numbering of K, is associated in a natural 
way with a Golomb Ruler corresponding to II. The n vertices in the DD set for 
the Golomb Ruler correspond to the numbers on the vertices of K,, and thus the 
(0,l) (3,2) 
(1,l) (6,2) 
6 
(a> (b) 
Fig. 6. Two 2-fold labellings of K4. 
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Fig. 7. A a-fold graceful numbering of K6. 
distances which can be measured on the ruler correspond to the numbers on the 
edges of K,. 
While K6 is not graceful, the 2-fold numbering indicated in Fig. 7 assigns the 
numbers 1,2, . . . , 15 to the edges in E(&), and hence. K6 is 2-fold graceful. 
Just as nnding an optimal l-fold numbering of Kk is equivalent to finding a 
Golomb ruler of order k, finding an optimal m-fold numbering of Kk corresponds 
to finding an m-dimensional grid graph G, with DD(Gm) = k such that G, has 
the smallest possible diameter. (Compare Figs. 5 and 7.) This is because the 
distance between vertices on a Gm corresponds to the edge numbers on an 
m-numbering of Kk. 
Since grid graphs are bipartite, B,(K,) 2 LB(k). As noted, while B1(K6) = 
17 > 15 = LB@), we have B2(K6) = LB(6). Our conjecture for m-dimensional 
grid graphs can thus be restated as follows: for each k 3 7 there is an nz for which 
Bm(Kk) = LB(k). 
4. Summary 
The equivalence between the problems of numbering the complete graph Kk as 
gracefully as possible, and the Golomb Ruler problem of determining the 
miniinum length of a path P, for which we can select k vertices from V(P,) such 
that (5) distinct distances are determined motivated the following definition. A 
distinct distance set for a graph G is a collection of vertices S c V(G) with the 
property that each pair of vertices in S uniquely determines a distance. This leads 
to what we consider to be many interesting questions, the most general of which 
are: (1) given an arbitrary graph G, to determine DD(G) and (2) given k and a 
class of graphs, find the ‘smallest’ G in the class with DD(G) = k. 
We showed that for each k there is a graph Gk such that DD(G,) = k nnd the 
diameter dm(G,) = (5). We proposed restricting attention to trees or, more 
generally, bipartite graphs and attempting to minimize the diameter, order, or 
size of such a graph G with DD(G) = k. And we noted that if G is bipartite with 
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&n(G) = (i) and DD(G) = k, then k or k - 2 must be a perfect square. LB(k) 
was defined as a theoretical ower bound on the diameter of a bipartite graph G 
with DD(G) = k. 
We generalized the original problem to an equivalence between optimal m-fold 
numberings of Kk and the problem of determining the smallest diameter of an 
m-dimensional grid G, with DD(G,) = k. 
We formally state some conjectures. 
Conjecture lA. If k or k - 2 is a perfect square, then there is a bipartite graph G 
with diameter dm(G) = (‘;) and DD(G) = k. 
Conjecture lB. More specifically, if k or k - 2 is a perfect square, then there 
exists some m-dimensional grid G, of diameter (5) with DD(G,) = k. 
More general than Conjecture 1B is Conjecture 2. 
Conjecture 2. For any k there exists some m-dimensional grid Gm of diameter 
LB(k) with DD(G,) = k. 
Conjecture 3. For k 2 6 there exists a tree T with DD( T) = k and dm( 7’) c 
ww- 
That is, some tree T has DD(T) = k and diameter less than the diameter of the 
Golomb Ruler for k. In fact, we think tree T can be chosen with DD( T) = k and 
dm( T) = LB(k). 
Conjecture 4A. The minimum order of a tree 7’ with DD( T) = 7 is 25, which is 
the order of the Golomb Ruler for k = 7. 
For k 2 8 there is a tree T with DD(T) = k and with the order of 
T less than the order of the corresponding Golomb Ruler for k. 
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